A common technique to determine the electromechanical response of a spherically focusing transducer is to use a reference pulse-echo from a flat-plate in the focal plane of the transducer. We show that when the pressure focusing gain of the transducer is much greater than unity, the focal plane reflection is a valid approximation of the desired electrome- 
I. INTRODUCTION
In pulse-echo ultrasound imaging a single transducer is used to both transmit an acoustic pulse and receive acoustic echoes. An electromechanical transfer function is associated with the transducer for both the transmit process (converting the electrical excitation into an acoustic disturbance) and the receive process (converting the acoustic disturbance into an electrical signal). To characterize the emitted and received acoustic pulse and to accomplish transducer calibration, the electromechanical response of the transducer must be determined.
The common practice to calibrate a transducer is to place a large flat-plate either on the beam axis in the extreme nearfield or farfield of a nonfocusing transducer or in the focal plane of a focusing transducer (Carpenter and Stepanishen, 1984; Chen et al., 1997; Machado and Foster, 1998) . A waveform measured under these conditions, can, in principle, be used to aid in the removal or compensation of transducer response and field effects on the measurement of tissue properties (Carpenter and Stepanishen, 1984; Chen et al., 1997; Machado and Foster, 1998; Thijssen, 2000) .
In this paper we provide a framework for calibration which consistently integrates much of the previous literature in this area (Hunt et al., 1983; Carpenter and Stepanishen, 1984; Madsen et al., 1984; Jensen, 1991; Bridal et al., 1996; Chen et al.,1997) .
We examine in detail the case of a spherically focused transducer and prove that the electromechanical response can also be measured by the use of a point target as well as a plate reflector. We show both theoretically and experimentally that the scattered signal from a plate and point target are related by double differentiation in time. We present a simple physical model which results in accurate simulation of the backscattered field from arbitrary shaped weak scatterers. In particular, we bring to attention to a possible misinterpretation of data taken from a flat-plate when applied to scattering from a point target. This clarification is of importance for the time domain scattering theory of Jensen (1991) which is based on the impulse response of a point scatterer.
II. THEORY and BACKGROUND
In this section we discuss the theory of scattering of sound and the relation between the electromechanical impulse response of a transducer and the measured back scattered signal from specific obstacles. We consider the case of the received signal for a monostatic pulse-echo configuration although it is straightforward to generalize our results to bi-static geometries.
Following the notation in Jensen (1991) a model for the scattering process that has a simple physical interpretation as well as a straightforward implementation can be summarized by the following equation:
where υ i (t) is the excitation voltage, e T (t) is the electromechanical response that is the ratio of the derivative of the normal particle velocity with respect to time relative to the transmit voltage, h T ( r, t) is the transmit spatial impulse response, h R ( r, t) is the receive spatial impulse response of the transducer located at position vector r, s( r, t)
is a scattering term located at r which accounts for perturbations or inhomogeneities in the medium that give rise to the scattered signal, v 0 (t) is the output voltage from the transducer, e R (t) is the receive voltage to force electromechanical response, and * t is convolution with respect to time.
We define the round-trip pulse-echo electromechanical impulse response of the transducer, e pe (t) as:
For the case where υ i (t) is a very short electrical impulse (e.g., less than about 1/10 th of the characteristic period of the transducer) e pe will be proportional to e T * t e R which is the true electromechanical impulse response of the transducer. Equation (1) can now be written as
where the remaining terms account for propagation and scattering. If one assumes that the absorption of the medium (e.g. de-ionized and de-gassed water in the low megahertz frequencies) is negligible then analytical expressions exist for h T and h R for a spherically focused transducer (Arditi et al., 1981; Hunt et al., 1983) . The scattering term s( r, t) depends on the target.
In this paper we will discuss scattering from three different obstacles: a flat-plate, a point target and an arbitrary shaped weak scatterer. The first two cases will be presented for calibration and the third for imaging applications that require such calibration.
A. Scattering from a flat-plate
In this section, we discuss the conditions under which the focal plane reflection from a flat-plate is a valid approximation of the electromechanical impulse response.
When the flat-plate is an ideal acoustic mirror placed at a distance from the transmitter, z, perpendicular to the beam axis, the receiver can be considered as the mirror image of the transmitter. Hence in pulse-echo imaging of an acoustic mirror, the problem is the same as that of two identical transducers separated by a distance 2z, as shown by Rhyne (1977) for a nonfocusing transducer, and by Chen et al. (1994) for both nonfocusing and focusing transducers. Rhyne (1977) derived a time domain expression for the reflection from a flatplate and called it the "radiation coupling" function. This result is the same as the problem of finding diffraction loss, D F , between two identical transducers at a distance 2z (Seki et al., 1958; Rogers and van Buren, 1974) . In both cases, this loss represents the reduction in amplitude and change in phase when only a portion of a transmitted beam is intercepted by a receiving transducer.
For a focusing aperture, Chen et al. (1994) showed that for the mirror placed in the focal plane, the diffraction loss in the frequency domain is equal to
where the pressure focal gain is
in which f is frequency, c o is the speed of sound in water, a is the aperture radius, and F is the focal length. Chen et al. (1997) found that this expression has only a weak dependency of frequency. If the argument parameter G p is large, an asymptotic expression for Bessel functions of large arguments (Eq. 9.2.1 of Abramowitz and Stegun, 1964) , can be used to approximate Eq. (4a) by
When G p ≥ 16 the error of either the real or imaginary part of Eq. (5) compared to Eq. (4a) is less than 0.042. Because the terms involving the square root are small , the main contribution is from the real part of Eq. (5). Both Eq's. (4a) and (5) vary extremely slowly with frequency over a transducer bandwidth (e.g. 90% fractional bandwidth), so to a good approximation, the frequency can be set equal to transducer center frequency, f = f c . Physically the result of this small loss can be interpreted in terms of ray theory as a cone of energy focused onto a plate and reflected back, almost but not quite perfectly, along the same cone to the aperture of the transducer.
To use the transfer function defined in Eq. (5) in Eq. (2), we must account for propagation delays to and from the plate and for the case where the plate is not an ideal reflector. Then we can carry out an inverse Fourier transform to obtain the time domain response. Given that a non-ideal mirror has a plane wave pressure reflection coefficient,
where Z 2 is the specific acoustic impedance of the reflector and Z 1 , the characteristic impedance of the fluid, then the three rightmost terms of Eq. (3) correspond to the following inverse Fourier transform:
From Eq. (7) we can see that the acoustic propagation and scattering from plate at the focus of a transducer (that is, h T ( r, t) * t s( r, t) * t h R ( r, t)) is a scaled impulse response delayed in time by t 2F = 2F/c o . Under these conditions, the output voltage is an amplitude scaled delayed replica of the system response e pe ,
The round trip reference signal e pe can be determined from the measured output voltage signal, υ o (t), and the scaling constant from Eq. (8).
B. Scattering from a point target
Often it is necessary to determine scattering from an ideal point scatterer (explained below) rather than a flat-plate. As an example, determining the spatial impulse response (h T and h R ) experimentally requires the use of a point scatterer.
Moreover, randomly positioned point scatterers form the basis of simulation models for speckle and phantom-like objects that can be created from organized patterns of point scatterers with assigned weighting (Jensen and Munk,1997) . In this section, we show how the reflection from a point scatterer can be determined from a flat-plate response.
The starting point for a model of an ideal point scatterer is that of a rigid (incom- 
where A is a time-independent quantity that is given by (Eq.8.2.19, Morse and Ingard, 1986 )
where a is the radius of the scatterer and θ is the scattering angle. The 1/| r| dependence has been absorbed into the receive factor h R (Hunt et al. 1983 ). For direct backscatter θ = π and A has the value
Real transducers have a finite aperture and collect signals over a range of angles, however, for 160 < θ < 200, which is appropriate for most ultrasound imaging scenarios, the variation in A over the surface of the transducer is less than 5% and the use of Eq. (9c) (Hunt et al.,1983) ,
where (Arditi et al., 1981 Eq. 7)
Putting these results into Eq.
(1) for a small spherical target at the focal point, we
therefore, the reflected signal from a point target will have the same shape as the doubly differentiated reference waveform, e pe (t) with the respect to time.
Although we derived this in terms of a rigid sphere target we note that other targets smaller than a wavelength have a similar functional dependency in the backscattered direction (θ = π) towards the transducer at distances greater than a few wavelengths (Rayleigh, 1872; Pierce, 1989) . In particular, Nassiri and Hill (1986) have shown that back scatter from a disc is similar to that of a sphere, differing only in the constant A. Both the sub-wavelength sphere and disc are practical realizations of an ideal point target as viewed at moderate to large distances. Because of the practical difficulties involved in realizing a point target, it may be difficult to determine the constant A. An alternative approach to calibration described by Hunt et al. (1983) is to redefine the electromechanical response based on a point target. Their electromechanical response would be the equivalent of e pe convolved with s for a point target from Eq. (1) and would include a double differentiation with time. However, if A is not known it is not possible to apply the calibration to the problem of quantitative imaging.
C. Scattering from arbitrary shaped weak scatterers: Born Approximation
In the previous two sections we showed that the electromechanical impulse response of a transducer can be measured using either a plate or a point target. Once this reference signal is known, it can be applied to simulate the backscattered field from arbitrary shaped targets through the Born approximation (Jensen,1991 ).
Jensen's time domain formulation of the Born approximation provides a computationally compact and useful method for simulating the back scattered field from arbitrary shaped weak scatterers for inhomogeneous medium. Equation (44) of (Jensen,1991) can be rearranged according to Eq. (1):
in which r 5 is the vector to a characteristic position of the transducer and r 1 represents a vector to a point within the scatterer (Fig. 1 ) and, as defined by Jensen (1991) ,
is equivalent to h T * t h R in our Eq. (1). More explicitly, Eq. (11) is
where ρ and c are the perturbations in density and sound speed with respect to background and V is the scattering region.
In the case of a point scatterer Eq. (13) reduces to:
which is consistent with Jensen's Eq. (50) . Specifically in the case of a point scatterer placed at the focal point Eq. (14) reduces to the form of Eq. (10c). This observation reveals a potential area of confusion with respect to the results in (Jensen,1991) in which Eq. (14) is taken to be the response to a flat-plate at the focal plane. More correctly, as indicated by the results in the previous two sections of this paper, this flat-plate response is obtained by removing the double time derivative.
In this work the overall outcome of the Born approximation derived by Jensen (1991) is unchanged. However, we have used the twice time derivative of the plate response in our simulations. The method of finding e pe (t) described in Sections A and B can be applied directly to the more general case of scattering through the Born approximation as given by Eq. (13).
III. EXPERIMENTS
We carried out experiments to verify the fact that the scattered signal from a plate and a small scatterer are related by double differentiation in time. We used a spherically focused ultrasonic transducer, 3.5 MHz, 50.8 mm focal length, 12.8 mm radius (Model V380, Panameterics, Waltham, MA) . This strongly focusing transducer (F number 2 and G p =24) was placed in a water tank (0.8 m x 0.8 m x 1.5 m)
that was filled with de-ionized de-gassed water at approximately 21
• C. The transducer was operated in pulse-echo mode using a pulse-receiver (UA 5052, Panametrics, Waltham, MA). The pulser-receiver excited the transducer with a short excitation signal that approximated a delta function and the received echo was acquired on digital scope (LC 334a, LeCroy, Chestnut Ridge, NY) and transferred to a personal computer for later analysis. We investigated the reflections from two targets. The first was a 12.5 mm thick flat acrylic plate acoustic mirror. The second target was from the cleaved end of an optical fiber 110 microns in diameter point scatterer.
Figure 2(a) shows the reflected pulse measured from the front surface of the acrylic plate, υ o (t). This is the scaled pulse-echo impulse response, e pe (t), according to Eq. (7). Here G p =24, so the diffraction correction factor is 0.885 and the reflection coefficient at the water-acrylic interface is R F =0.348. Figure 3 compares three normalized waveforms 1) the signal measured from the plate 2) the signal measured from the optical fiber and 3) the doubly differentiated e pe waveform obtained from Eq. (8) (note this equation gives a sign inversion). We see that carrying out the double-differentiation is crucial to obtaining good agreement between predictions based on the impulse response of the transducer (e pe ) and the received signal from a point scatterer. Without this operation neither the leading negative half-cycle nor the details of the ringdown are captured correctly. This result shows that the time-domain calibration function that is determined from a flat-plate can be used to predict the waveform from a point scatterer at the focus.
Once this reference signal is known, it can be applied to simulate the free diffraction field of the transducer or backscattering from other scattering targets. We used Eq. (1) with the point scatterer characteristic, Eq. (8), and the round trip spatial impulse response (Arditi et al.,1981) with 2 GHz sampling frequency in time, to simulate the echoes scattered from a small point-like target. To confirm our predictions, the optical fiber was mechanically scanned through the tank and echo waveforms recorded at each location. Figure 4 shows the measured and predicted contour maps of the amplitude envelope of the scattered fields for the case where the fiber was placed in the focal plane and translated perpendicular to the acoustic beam axis. Figure 5 is a similar scan but at an axial distance of 53.8 mm (about 3 mm or 10 wavelengths behind of the focus). In both cases, there is a close agreement between the measured and predicted scattered field. The slight differences are attributable to imperfections in both the transducer as an ideal piston source, as determined by extensive hydrophone measurements, and the cleaved optical fiber as an isolated ideal point target. The source transducer was found to have a mildly distorted, asymmetric transmitted field when compared to simulations based on an ideal uniformly weighted piston source. pulse-echo simulations based on the point target waveform at the focal point gave slightly better agreement with measurements than those shown here; however, we believe this result to be a consequence of the imperfect realization of an ideal spherical scatterer by the cleaved optical fiber which had it own unique response characteristic, as shown in Fig. 3 . These comparisons confirm that the plate-derived calibration waveform can be used to predict the response of a scatterer anywhere in the field of the transducer.
IV. CONCLUSION
We have shown, both theoretically and experimentally, that the pulse-echo impulse response of a spherically focused transducer can be measured using either a flat-plate or a point scatterer. The reflected waveforms in each case are not identical but rather related by an operation of double differentiation. Because of the difficulty of determining the precise geometry of practical realizations of sub-wavelength point targets and, consequently, the calibration constant A, a reflection from a flat-plate is recommended for determination of the reference pulse. For values of focal gain greater than or equal to 16, the error in the approximation (Eq. (5)), is less than five percent.
The formulation in Eq. (1) and the relation between the flat-plate and point target echoes can be used to resolve differences among various calibration methods in the literature (Hunt et al., 1983; Carpenter and Stepanishen, 1984; Madsen et al., 1984; Jensen, 1991; Bridal et al., 1996; Chen et al.,1997) In summary, the commonly used reference waveform from a flat-plate target in the focal plane of a strongly focusing transducer (G p ≥16) is appropriate to determine e pe (t) without distortion. This reference signal is useful for transducer calibration and diffraction correction (Sigelmann and Reid, 1973; Reid, 1974; Chen et al., 1997; Machado and Foster, 1998) . However, the waveform must be used with care for other scattering targets. 
ACKNOWLEDGMENTS

